ABSTRACT. Let F denote a complete nonarchimedean local field with perfect residue field. Let G be a connected reductive group defined over F with Lie algebra g. This paper exploits the formalism of Moy and Prasad to sharpen and extend familiar harmonic analysis results for g = g(F ).
INTRODUCTION
In recent years, the questions of interest in the study of harmonic analysis on reductive p-adic groups have required very precise versions of what were previously qualitative results (see, for example, [2, 18, 20, 24, 25, 26] ). This paper began as an attempt to prove precise versions of some results of Fiona Murnaghan which relate the character of a supercuspidal representation with the Fourier transforms of an elliptic orbital integral [16, 17, 19, 21] . In order to properly formulate these results, it was necessary to develop a "uniform" way to express both the support of invariant distributions and the local constancy of functions. We present here the product of this effort.
Let F denote a field with nontrivial discrete valuation. We assume that F is complete with perfect residue field f. Let G be the group of F-rational points of a reductive, connected, linear algebraic group defined over F and let g denote its Lie algebra. Let B denote the Bruhat-Tits building of G.
Recall that for x 2 B and r 2 R, Allen Moy and Gopal Prasad have defined a lattice g x;r of g. In x3 we explore the relationship between the lattices g x;r and N, the set of nilpotent elements in g. For every real number r we construct the open, closed, G-invariant subset g r := g x;r
where the union is taken over the points in B. The sets g r can be used to describe the support of invariant distributions on g. We show that where the intersection is taken over the points in B. This equality provides some intuition for the ubiquity of the nilpotent set in harmonic analysis. We prove that the sets g r behave well with respect to parabolic descent. That is, if P is a parabolic subgroup of G with Levi decomposition P = MN and Lie algebras p = m + n, then m \ g r = m r :
We also show that, given a result of [7] , analogous statements can be made for the filtrations of G defined by Allen Moy and Gopal Prasad.
Under the assumption that f is finite, we examine the relation between the Fourier transform and the sets g r . We prove that the Fourier transform of a locally constant, compactly supported, complex-valued function with support in g r can be written as a finite sum of functions each of which is translation invariant with respect to a lattice g y;(?r) + for some y in B. Finally, we show that if an M-invariant distribution on m has a local expansion on m r , then the distribution of g obtained by induction has a local expansion on g r .
Much of the material in this paper appeared in the second author's thesis [6] . We are indebted to many people. We thank Robert Kottwitz for his beautiful lectures on the harmonic analysis of reductive p-adic groups presented at the University of Chicago during 1995-96. We thank Gopal Prasad for providing one of our proofs of Lemma 2.4.1. We have benefited from conversations with Robert Kottwitz, Allen Moy, Fiona Murnaghan, Amritanshu Prasad, Gopal Prasad, Paul Sally, Jr., and Jiu-Kang Yu.
2. PRELIMINARIES 2.1. The basics. Let F denote a field with nontrivial discrete valuation and residue field f. We assume that F is complete and that f is perfect. Fix a uniformizing element $ in F. We let R denote the ring of integers of F and } = $R its prime ideal. Let denote a valuation on F, normalized so that (F ) is the set of integers. We will also denote by the unique extension of this valuation to any algebraic extension of F. Fix an additive character : F + ?! C with conductor } . Let G be a connected reductive algebraic group defined over F. The Lie algebra of G will be denoted by g.
For any field extension E of F, let G(E) denote the group of E-rational points of G and let g(E) denote the vector space of E-rational points of g. We will let G = G(F) and g = g(F ).
Let Ad denote the adjoint representation of G on g and of G on g. We will often write g X instead of Ad(g)X, and g h instead of Int(g)h = ghg ?1 . We will use a similar notation for the coadjoint action of G on the linear dual g of g. If S is a set and n 2 N, then M n (S) denotes the set of n by n matrices with entries in S. As a set, we will always realize gl n (F ) as M n (F ) and GL n (F ) as X 2 M n (F ) det(X) 6 = 0 : For any r 0, let T(E) r = t 2 T(E) 0 ( (t) ? 1) r for all 2 X (T) :
Note that, in general, T 0 = T(F) 0 need not be the maximal compact subgroup of T = T(F).
For example, if T is the set of norm-one elements of a ramified quadratic extension of F, then the maximal compact subgroup of T is T, but T=T 0 has two elements. In particular, parahoric subgroups behave poorly with respect to (ramified) base change. Let S be a maximal F-split torus of G. Let T be a maximal F unr -split F-torus of G defined over F which contains S. (Such a torus exists, from [5] .) The centralizer Z of T in G is a maximal torus, defined over F. [15] , one can associate to any point x in the building B of G a parahoric subgroup G x of G, a filtration fG x;r g r 0 of the parahoric, and a filtration fg x;r g r2R of the Lie algebra g of G. Although f is assumed to be finite in [15] , there is no difficulty in extending their definitions to our setting. We state the definitions. In this subsection, we define g-optimal points, which have analogous properties with respect to the filtrations of g. We then show that we may assume that the set of g -optimal points is a subset of the set of g-optimal points. This result has been independently obtained by Jiu-Kang Yu [27] . Let = 2 > 0 and ? 1 < 0 :
This is a finite set. For each nonempty, Gal(F
is rational for all 2 , and
The existence of such a point follows by making the same arguments as those found in [15, x6.1].
For each nonempty, Gal(F unr =F)-invariant subset S , fix a choice of x S 2 C satisfying the conditions above, and let O be the finite set fx S g. A point x 2 B is said to be g-optimal for S if it is G-conjugate to x S , and g-optimal if it is G-conjugate to some point in O. The definition of g -optimal is the same, except that condition i) is replaced by Proof. We first define a subset S of . One may assume without loss of generality that distinct elements of S 0 have distinct gradients. Let S = 2 S 0 +` = 2 :
Then S is a nonempty, Gal(F From this lemma we may assume that the set of g -optimal points is a subset of the g-optimal points. Therefore, it makes sense to call a point x optimal if it is G-conjugate to a point in O.
We say that r 2 Q is an optimal number if there is an optimal point x such that g x;r 6 = g x;r +. Since every optimal point is conjugate to a point in O and O is a finite set, the set of optimal numbers is discrete.
The following lemma has been extracted from the proof of [ Proof. We first show the existence of z. We may and do assume that y is a Gal(F In order to show this, it is enough to show that (z) r for all 2 S 0 . But if 2 S 0 , then
Since S is a finite set, there is a 0 2 S 0 such that (z) 0 (y); but 0 (y) r.
This same argument applied to g shows that for all t 2 R there exists an x 2 O such that g y;t g x;t .
There exists an " > 0 such that for all s 2 (r ? "; r) we have g y;r = g y;s = g y;s +. Fix s 2 (r ? "; r). Let X (S) denote the set of 1-parameter subgroups of S. Let D denote the vector chamber in X (S) R corresponding to N (see [4] ). D is open. Therefore, there exists an alcove C 1 A(S; F) such that x 2 C 1 and (x + D) \C 1 6 = ;. Let I denote the Iwahori subgroup G C 1 . Note that I G x .
Let A 1 B(G) be an apartment containing both C 1 and C 0 . Choose g 2 I so that gA 1 = A(S; F). Proof (Prasad) . Without loss of generality we suppose that x is a Gal(F (Note that if G is residually quasi-split over F, then C 00 is an alcove in B(G; F unr ).)
x is the group of F-rational points of a reductive connected group G defined over f. Similarly, the image of G(F
is the group of F-rational points of a minimal parabolic subgroup B (resp. parabolic subgroup P, resp. maximal f-split torus S) of G defined over f. Since B and P are parabolic subgroups of G which are defined over f, there exists [3, Proposition 20.7] a maximal f-split torus S 0 B \ P. Moreover, since S and S 0 are maximal f-split tori of P, there exists p 2 P(f) such that p S 0 = S. Choose p 2 G x \ P so that its image in P(f) is p. Let 
B(M).
The following result is due to Allen Moy and Fiona Murnaghan [13] . We present here a different proof. There exists an n 1 2 N such that n 1 h S 0 M. Since n 1 x 2 A( n 1 h S 0 ; F) B(M), from Lemma 2.4.1 there exists an n 2 2 G n 1 x \ N such that n 2 n 1 C 0 B(M). 2.5. Nilpotent elements. Let X F (G) denote the set of 1-parameter subgroups of G defined over F. Call an element X 2 g nilpotent if there is some 2 X F (G) such that lim t!0
Let N denote the set of nilpotent elements. A more usual definition is that an element is nilpotent if the Zariski closure of its G-orbit contains zero. Let N 00 denote the set of elements in g that are nilpotent in this sense, and let N 0 denote the set of elements X in g such that the p-adic closure of the G-orbit of X contains zero. It is clear that N N 0 N 00 . By a theorem of Kempf [12, Cor. 4.3] , N = N 00 when F is perfect. It is known that N and N 00 need not be equal in positive characteristic. For example, Gopal Prasad pointed out to us that N 6 = N 00 for SL 2 (F ) when F has characteristic two.
SOME RESULTS FOR MOY-PRASAD FILTRATIONS OF g
The results on g in this section do not rely on the structure of g as a Lie algebra. Therefore, with appropriate changes, they are all valid for the filtrations of g and, indeed, the filtrations of b g, the Pontrjagin dual of g. (b g x;r consists of those characters of g whose restriction to g x;(?r) + is trivial.) Moreover, there are versions of these results for G (see x3.7). The main results of this section are summarized in the following theorem. The original proof of this theorem in [6] relied on several propositions in [15, 14] which in turn relied on a fundamental result of Kempf [12] . The proof here has removed the reliance on [12] . Part (1) of the theorem is Lemma 3.4.2 and part (2) is Lemma 3.5.3. Chooseṽ 2 X (S) R such that x = y +ṽ. Let P be a minimal parabolic subgroup determined byṽ. That is, P has a Levi decomposition P = MN such that A(S; F) B(M) and for all F-roots of S which are positive with respect to N we have h ;ṽi 0.
Let P = M N denote the parabolic opposite P and let g = n + m + n denote the associated Lie algebras. We have g x;r = (g x;r \ n) + (g x;r \ m) + (g x;r \ n) n + g y;r N + g y;r : Corollary 3.2.2. For r 2 R and x 2 B(G), we have g r g x;r + N. where the union is over a finite set of optimal points (independent of r). Therefore, g r = g r + unless r is an optimal number. (Jiu-Kang Yu observed that the converse is often false. Consider, for example, Sp 4 (F ) and the optimal number 1=3.) Note that g r + = s>r g s for all r 2 R. Thus, for all r 2 R there exist s; t 2 R with s > r > t such that g s = g r + g r = g t +. Definition 3.2.5. For y 2 B(G) and s 2 R, a coset 2 g y;s =g y;s + is degenerate if and only if \ N 6 = ;. Remark 3.2.7. From the above proof, it follows that if 2 g y;s =g y;s + is degenerate, then there exist an alcove C 0 B(G) and z 2 C 0 such that y 2 C 0 and g z;s +. Proposition 6.3 of [15] now follows from the above Corollary and Lemma 2.3.2.
Remark 3.2.8. Suppose x 2 B(G) and r 2 R. If g r = g r +, then it follows from Corollary 3.2.6 that every coset of g x;r =g x;r + is degenerate. In particular, every coset of g x;r =g x;r + is degenerate unless r is an optimal number.
3.3.
A depth function for g. In this subsection we define a G-invariant function d: g ! Q f1g that measures the depth of elements of g with respect to the Moy-Prasad filtrations.
The next lemma shows that the g r are related to the Moy-Prasad filtrations in the sense of [9, x2 and Lemma 5.6]. The following results extend these ideas to arbitrary G. where, for example, ? R R R R is interpreted to mean the set of matrices in sl 2 (F ), with entries in R. Note that up to scaling, these are the only two G-domains of the form g r which occur in sl 2 (F ).
Corollary 3.4.7. N 0 is closed (in the p-adic topology).
Proof. This is immediate from Corollary 3.4.3 and Lemma 3.3.2.
3.5. Parabolic descent. We now will show that the g r behave well with respect to parabolic descent.
Suppose that P is the group of F-rational points of a parabolic subgroup P G defined over F. Let M denote the group of F-rational points of an F-Levi factor M of P. Denote by N the unipotent radical of P. Let P = MN be the parabolic opposite P = MN. Let p = m + n and p = m + n be the associated Lie algebras. Recall that g has the direct sum decomposition g = n + m + n: If X 2 g, then X can be written uniquely as X n +X m +X n where X n 2 n, X m 2 m, and X n 2 n. Let N m denote the set of nilpotent elements in m.
The following result of Allen Moy and Gopal Prasad is [14, Proposition 4.7] . The proof presented here is independent of [12] . Proof. Since (X + g x;r +) \ N 6 = ;, Remark 3.2.7 shows that there exist an alcove C 0 B(G) and z 2 C 0 such that x 2 C 0 and (X + g x;r +) g z;r +. It follows from Lemma 2.4.1 that there exists an n 2 G x \ N such that nz 2 B(M). This implies that n X + g x;r + = n (X + g x;r +) g nz;r +:
This implies ( n X) m + m x;r + m nz;r +, and from Corollary 3.2.6 we are done. ( n X) m + m x;r + \ N m 6 = ;. However, n X = X + Z where Z is an element of n.
Recall that m r = x2B(M) m x;r . Proof. It is clear that m r g r \ m. Suppose that X 2 g r \ m and X 6 2 m r . We will derive a contradiction. From Remark 3.2.4 there exists an s < r such that X 2 m s r m s +. Therefore, there exists an x 2 B(M) so that X 2 m x;s r m x;s +.
Since X 2 g r g s + g x;s + + N, Corollary 3.5.2 says that X 2 m x;s + + N m . Thus, from Corollary 3.2.6 we have X 2 m s +, a contradiction. 3.6. An alternate description. The results of the previous subsection were first proved using different techniques. These techniques achieved slightly more general results at the expense of some mild restrictions on G and F. Since these results provide a more intuitive understanding of the g r , we briefly describe them.
For a subset V of g, we let V s.s. denote the set of semisimple elements in V .
Suppose that every maximal F-torus of G splits over a tamely ramified extension and that g s.s.
is dense in g. Under these hypotheses, we have g s.s.
where the union is taken over all maximal F-tori T 0 in G and t 0 (F ) is the Lie algebra of T 0 (F ).
So, roughly speaking, the g r can be interpreted in terms of the valuations of eigenvalues. From this result it follows that, under the hypothesis on G and F above, if M is any reductive subgroup of G and m denotes the Lie algebra of M(F), then m r = g r \ m:
It also follows from this result that g r .
Unfortunately, all of these results can fail when the hypotheses on G are not satisfied. For example, they both fail for PGL 2 (F ) when F has residual characteristic two. (Consider the case when M is a maximal ramified elliptic torus of PGL 2 (F ).) Perhaps one could realize analogous results by defining the filtrations on tori and their Lie algebras in a different manner.
3.7.
Analogous results for Moy-Prasad filtrations of the group. In this subsection we discuss analogues of the above results. Remark 3.7.2. The reasoning of Remark 3.2.4 shows that for all r 2 R 0 we have G r = G r + unless r is an optimal number. In particular, for all r 2 R 0 there exists an s > r such that G r + = G s , and for each r 2 R >0 there exists a t 2 R 0 with t < r such that G t + = G r .
Suppose P is a parabolic subgroup of G with a Levi decomposition P = MN. Let P = M N denote the parabolic opposite P. If x 2 B(M) and r > 0, then G x;r has an Iwahori factorization with respect to P = MN. That is, for g 2 G x;r we can (uniquely) write From [7] we have the following result. Lemma 3.7.6. If x; y 2 B(G) and r > 0, then G x;r G y;r U. Remark 3.7.7. Since U is G-invariant, we have G y;r U = UG y;r = G y;r UG y;r .
Proof. See the proof of Lemma 3.2.1. 
Proof. See the proof of Lemma 3.3.4. Recall that Theorem 3.7.5 was the identical result for r = 0. 
SOME CONSEQUENCES FOR HARMONIC ANALYSIS
From now on we assume that f is a finite field.
After reviewing the Fourier transform, we introduce a special space of functions. This space is then used to examine some questions concerning G-invariant distributions on g. All [6] . Similar statements can be made on the group [7] (the Fourier transform being realized as an operator-valued Fourier transform on the admissible dual of G).
Suppose that v 2 R. Recall that for r 2 R, we have g r + = s>r g s . for any proper parabolic subgroup P of G, we have G = PK. Let dk be the normalized Haar measure on K. If P has Levi decomposition P = MN, let p = m + n be the corresponding Lie algebras. Let P = M N be the parabolic opposite P and let n denote the Lie algebra of N. Suppose that is an irreducible admissible representation of G. Following [15] we associate a non-negative number ( )-the depth of -to . In [15] one finds the following. In [14] it is shown that parabolic induction preserves depth. Let us make this statement more precise. Suppose that P = MN is a parabolic subgroup of G with unipotent radical N and a Levi factor M. If is an admissible irreducible representation of M and is an irreducible subquotient of the induced representation Ind G MN , then ( ) = ( ). (This result does not depend on whether or not our induction is normalized.)
Given the above discussion, it is natural to ask: if we assume that the local character expansion for is valid on M ( ) + , is the local character expansion of valid on G ( ) + ?
Since the exponential map is not defined, in general, everywhere that it would have to be defined in order to answer this question, we will instead consider the analogous question for
